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Abstract. In this paper, we acquaint a special timelike Smarandache curves Z reference the 
Darboux frame of a timelike curve x in Minkowski 3-space }. We investigate the Frenet 
invariants of Z and also give some properties when the curve x is a geodesic, an asymptotic 


and a principal curve. Finally, we give an example to illustrate these curves. 
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1 Introduction 


In Smarandache geometry, a regular non-null curve in Minkowski 3-space, whose position 
vector is collected by the Frenet frame vectors of other regular non-null curve, is said to be 
Smarandache curve [1]. Recently in Euclidean and Minkowski space-times, special Smarandache 
curves according to different types of frames have been studied by some authors [2, 3, 8, 10]. 

In this paper, we introduce a special timelike Smarandache curves recording to the Darboux 
frame of a curve x on timelike surface M in Minkowski 3-space R3. In Section 2, we give the 
basic concepts of Minkowski 3-space and Darboux frame that will be used throughout the 
paper. Section 3 is devoted to the study of special four timelike Smarandache curves Tn, Tg, 
gn, and T'gn-Smarandache curves by considering the relationship with invariants &,(o), kolo) 
and zo) of x in Minkowski 3-space RÌ. From that point, we give some properties of these 
curves when x is a geodesic, an asymptotic, or a principal curve. Finally, we illustrate these 


curves with an example. 
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2 Preliminaries 


The Minkowski 3-space is three-dimensional Euclidean space provided with the Lorentzian 
inner product 


$ = —(dui)? + (dug)? + (dug)?, 


where u = (u1, us, ua) is a rectangular coordinate system of R3. Any vector v in RÌ can be 
characterized as follows: the vector v is called spacelike, lightlike or timelike if $(v,v) > 0 
and v = 0, §(v, v) = 0 and v £0 or F(v,v) < 0 respectively. The norm of a vector v € R3 
is given by |v|| = vgv, v)|. Similarly, any arbitrary curve x = lol ` I — RÌ? where c 
is pseudo-arclength parameter, is called a spacelike curve if S$(x'(c),x'(c)) > 0, lightlike if 
Sx (e), x (c)) = 0 and x'(s) Z 0 and timelike if $(x'(c), X (c)) < 0 and for allo € I. 

For any unit speed timelike curve x with Frenet-Serret frame (T, N, B), Frenet-Serret for- 


mulas of the curve x can be given as [4, 5, 6]: 


T'(a) 0 ko) 0 T(o) 
No) | =| ko 0 ziel | | N(o) |; (1) 
B' (o) 0 —-7(c) 0 Bio) 


where —3(T,T) = BIN. N) SR. B) = 1 and §(T, N) SIT. B) SEIN. B) = 0. 


Definition 2.1. A spacelike (timelike) surface in the Minkowski 3-space is a surface M in RÌ 
whose the induced metric is a positive definite Riemannian metric (Lorentz metric). In other 


words, the normal vector on the spacelike (timelike) surface is a timelike (spacelike) vector [6]. 


Let V : V c R? 2 983, V(V) = M and 8: I C R > V be a timelike embedding and a 
regular curve, respectively. Then we define a curve x(c) = W(8(a)) on the surface M, and since 
V is a timelike embedding, we have a unit spacelike normal vector field n along the surface M 


defined by [7] 
VU, x V, 


S aar DN 2 
"= TW, x v, (2) 


Hence we have a pseudo-orthonormal frame (Tg, n} which is called the Darboux frame along 


the curve x where g(c) = T(c) x n(c) is a unit vector. The corresponding Frenet-Serret 
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formulae of x read 


T'(c) 0 rela) Kalo) T (o) 
g(c) | =] £e) 0 =r) | | Blo) |» (3) 
n'(c) Kulo) (c) 0 n(o) 


where kalo) = $(T'(co),g(o)), kalo) = S(T'(c),n(c)) and a(o) = $(g'(c),n(c)) are the 
geodesic curvature, the asymptotic curvature, and the principal curvature of xy on the surface 
M in RÌ, respectively, and ø is arc-length parameter of x. 
The pseudosphere with center at the origin and of radius r = 1 in the Minkowski 3-space 
R3 is a quadric defined by 
B = {u Ee R? sume. 


3 Special timelike Smrandache curves in 91? 


In this section, we define a special timelike Smarandache curves reference to the Darboux frame 
in Minkowski 3-space R3. Additionally, we obtain the Frenet invariants of these curves and 
give some properties when the curve x is a geodesic curve or an asymptotic curve or a principal 


curve. 


Definition 3.1. [9] Let x = x(g) be a timelike curve lying completely on the timelike surface 
M in RÌ with the moving Darboux frame (T,g,n]. Then Tg-timelike Smarandache curves of 
x is defined by 


2(0(0)) = — (T(o) + giel) (4) 


V2 
Theorem 3.1. Let x = x(c) be a timelike curve lying completely on the timelike surface M 
in R? with the moving Darboux frame {T,g,n}. If x(c) is a geodesic curve with 7, > Kn, 


then the natural curvature functions of Tg- timelike Smarandache curves satisfied the following 


equations, 


Ü m Se B K?) 
Kz( Loi = cU 
Tz(0(o)) = V2 E, (Fn — Gig) Fy — hos — KEnTgl Kh — Set 





(Kn + Tg) (En — 79)* 


(5) 


Proof. Let Z = Z(0) be a Tg- timelike Smarandache curves reference to the timelike curve 


x = x(c) in Minkowski 3-space R$. From Eqns. (3) and (5), we get 
































Z'(ð) = = Te) + Kg g(a) + (Kn — r;)n(e)). 

and 

UE L (ETO + rago) (s — nr). 
where 

dd og — Tg 
do y2 ` 

Now 

are SEN (ser(o) + ex(0)g(0) eieiei) 
where 

&(o) = (Kn — Ty) [Ke Ky Kin (Kin, — zl — Kalb — zn 

€2(0) = (Kn — Tg) E Ky Tq( fn — 7;)] — Kg(K,, — Te) 

E3(0) = Kg(Kn — Tq)" 

Then 
s CH Se . e?) | 
and 
1 
Nz(0) = BCEE (ete)r(o) + ex(o)g(o) + ex(o)n(o)). 
Then, we have 
1 
BO RETE om EE (leie) + Llog) + (o)n(e)). 
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where 


lol = &x(K4 — Tg) — Esky, 
£o(o) = €1(Kn — Tg) — Es, 
lz(0) (E2 — £1) 


From Eqn. (6), we get 























1 
Z" (8) ENS I FK, + Ks — T9) | T (o) + [Ke + Ky + To 79)]g(c) 
e D i o + Kig( Kin — Ty) | ne) , 
and 
£"()) = F [HOTO + eieiei! nsn]. 
where 
pala) = es + a + 8K gk, + (Kn — Tg) (Kh + 2KgTg + Ku Kg) + SK (5, — Th), 
u»(o) = Ke Ko BR gig + (En — Te) Urs Rag + KgTg) + YT (RT — T.) 
uslo) = Ky, — Tj + (Kn — Ty) (Ke — $5 + Kg + 285) kal, — Tg) 
Then 
v2 { (m — p2) AGA = = — Tg )] + — Tg) ^ (uas, — paTgHsRg) } 
Tz(0) = 


ace = T) — (Kn — T, a) (K3 + SS — Em oq Rs + Knl 


2 
= y, läit 


So if x(a) is a geodesic curve ( 


Kg = 0), then Eqn. (5) holds and the proof is complete. 


Kn — ett 


Kn — Ta)“ 














Definition 3.2. [9] Let x = x(g) be a timelike curve lying completely on the timelike surface 


M in R with the moving Darboux frame {T,g,n}. Then Tn-timelike Smarandache curves of 


x is defined by 


(10) 


Theorem 3.2. Let x = x(c) be a timelike curve lying completely on the timelike surface M 


in R? with the moving Darboux frame (T, ent. If vie) is a an asymptotic line with tT, > ky, 
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then the natural curvature functions of T'n- timelike Smarandache curves satisfied the following 





equation 
2(72 — «2) 
kz(ð) = er 
(Kg + Tg) (11) 
2 |o 
Tz(0) = Vie: Goin 


(Kg + T)(&2 +72) 
Proof. Let Z = Z(0) be a Tn- timelike Smarandache curves reference to the timelike curve 


x = viel in Minkowski 3-space AÌ. Then from Eqn. (10), we get 

















2'(0) = 4 Le, Tto) + (s +74) gl) no), (12) 
and 
EIER R = (Fn TO) + (r +T) 8l) ziel, (13) 
where 
dù kg tTg 
7 EVE (4) 
Also, one can see that 
dTz v2 
SE (m (e)T (o) + v2(@)e(o) + on(o)n(o)). 
where 
me) = (kg + Tg) D o, + kg(Ky + 2] = Kn(Ky + E 
(e) = Ka (Kg T Sal: 
yasla) = (Kg + Tg) D + ky, — Tg(Kg + Ty) = Kn(Ky + Ta): 
Then, 
ECH 
(Kg + Ta) 
and 
1 
NaO) = Ergo (HOT) + lodet) + weiste) 


So 


B2(0) = (5:(o) (0) + loela) + 65(0)n(0)), 


(Kg - T9) / 43 8 — Pl 





where 
ó1(0) = "yas, — ^ra (Rg + Ty), 
62(0) = (m — 18) ns 
ós(0) = Yatin — Vı (Kg + Tg). 
Now, from Eqn. (12) we get 
1 
V2 


+ [Kn — Tg(Kg + Ty) ne) , 


zw, = 





i Le + Kig(Kg + T,)|T(o) -+ DN RE 79)]g(o) 





and 
1 
Z"(8) = => [nT (o) + vo(e)8(o) + s (o)n(o). 
/2 
where 
v(a) = KÌ + K' + 2, + K (Kg + T9) + 25(&, + T;), 
vi) = iir, + RN T + (hg + T) + B — 12) de de) 
Va(o) = K? + 3knki, — Ti Ra + Tg) et 
Then 


V2 Kin Ky + (Kg + Tg)(QV2kKinKig m ap, SS (vi zn V3)Kin(Kig zd 7) 


— (¥3kg + 47g) (Kg + ck 





[rs (s + 7%)” + Kn (Ky + 7 + [eue + Anhale + ell +4 [Kn (Ky 4 77) 


— (tig 4-9) (Ki, + og + 79)) ]- 

















So, if x(c) is a an asymptotic line (&,, = 0), then Eqn. (11) holds and the proof is complete. 


Definition 3.3. [9] Let x = x(g) be a timelike curve lying completely on the timelike surface 
M in $82 with the moving frame {T,g,n}. Then gn-Smarandache curves of x is defined by 


Lie) a nei) (15) 


Theorem 3.3. Let x = x(c) be a timelike curve lying completely on the timelike surface M in 
R? with the moving frame (T, g, n}. If x(o) is a principal line with £n +, 4 0, then curvature 
and torsion of gn-Smarandache curves satisfied the following equations, 
2(&2 + 2) 
Kg(0) = ——————, 


Kin + Kg 


(16) 





B (3&, — Kn) (Ki, — Ky) (Ke, = K2) + 3knkig(Kn + Kg) (Kn + KG) 
Tz (0) n 4| (Kn dr Kg) E E F2 (Kn + SH | " 


Proof. Let Z = Z(0) be a gn- timelike Smarandache curves reference to the timelike curve 


x = x(c) in Minkowski 3-space R$. Then from Eqn. (15), we get 




















ET Z w S AG H rg) T(0) + ziel — ziel, (17) 
and 
1 
Tz(v) = Kn + Kg) Te) +7 elo) — r9 hia) ] , 18 
(0) T- om (fiel + rs go) — Ta n(o)) (18) 
where / 
dió Ee — (Kn + Kg)? 
= = (19) 
Then 
WE vi (mee) + mlogo) + dest (20) 
dó — (272 — (kn + Ky)” 
where 


m(o) = [arg — (Kin + Kg)’ e, + Ky Tg — voll — (Kn + Kg) yt — (Kn + Kg) (Ky, + vil, 


noo) = [277 — (Kn + Kg)’ | Ee E T + Kig(Kn + Kg)| — Tg [21507 — (kn + Kg) (Kn T vil, 











Blees El Lët bebe em Dant, — nad Ee ER 











Then 
y2( + n — nf) 
Kz(0) = 2 
(252 — (kn + Kg)) 
and 
1 
Nz(0) = = ;(mT WII msn). 
nz + n3 — ni 
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So 
_ vi(c)T(o)  vx(e)&(o) + vs(o)n(e) 


J2- entr VR 








Bz(0) 


where 
v(a) = —(n2 + n3)Ts, 
v2(o) = me — N3(Kn + Kg), 
v3(0) = ole + Kg) — ms. 
From Eqn. (17), we have 


1 
V2 


+ DCH + Kg) — To = FA nc, 


2 


Z"(8) == | [Cen + K) + Talkin — sell T (0) + [eg + Kg) +74 — leie 





and 
1 
Z" (0) = — lov (e)T(o) + ex(e)g(o) + ws(o)n(o)], 
/2 

where 

lgl = Kp + KY + (Kn + Kg) [x2 + K2 + Sc — (Kin — Kg) (272 + Tg), 

walo) = T} — T3 — Arie + (Kn + Kg), + KinTg) — KgTg(Kn — Kg) + Ziel, — Sal 

W3(0) = (Kn + Kg) (En — KgTg) — KnTg(Hin — Kg) + 2kin(K,, — Ky) E und z= UE 
Then 


(Kn + Kg) [(w2 — ws) (8; ate e — KZ) + (w2 + w3)(7; + Kinkg) | 


— (we + ws)rg (e + Ky) + (w2 — ws)? (Kn — Kg) + en [rg (e + Ky)? — 277] 





Tz (V) m V2 2 
[ra (6n + Ky)? — Sc? + IECH + Kg) (74 + i — K2 — Kn kg) — Sal, + Ki) 
= To RS — sall" 4 [C 4 Kg) (52 + Kaka — T, — d 


2 
mn du) cm us BG) 


So, if x(c) is a principal line (7, = 0), then Eqn. (16) holds and the proof is complete. 














Definition 3.4. [9] Let x = x(g) be a timelike curve lying completely on the timelike surface 


M in $82 with the moving frame (T, g, n). Then T'gn-Smarandache curves of x is defined by 


2(0(0)) = — (Tto) + giel + teil (21) 


V3 


Now, we can investigate the Frenet invariants of the T'gn- timelike Smarandache curves 


reference to the timelike curve y = vie) in Minkowski 3-space R$. From Eqn. (22), we get 


Z'(0) 


and 


where 


Then 


where 


Ai(o) = 


| dZdó 1 





















































-2 = m kg) T(o) + (iy +79) 8(0) + (fn = 79) (0), — Q2) 
(Kn + Kg) T(o) + (Kg + T9) g(a) + (Kn — Tg) n(o) 
Tx(0) = 23 
E V (Kg + Tg)? — (Kin + Kg)? + (Kin — Ty)? 23) 
dv - (Kg + Ty)? — (Kn + Kg)? + (Ka — To)? 
2-4 3 ES 
ap;  V3(Au(0)T(o) + Aelelelel + As(o)n(0)) T 
av (Gs, + Ty)? — (Kin + Kg)? + (Kn — uy) | 
(Ir, + Ky) [C +H)? + (Kn — SE) T (Kg + Ta) Kg IS F Kg)? + (Kg + Ty)? 
- (Fon — ml — (n + Hg) Hh + al + (fn — Tg) ellen + Hg)? + (Hg + 79)” 
- (Fin — ll — Ges + site, — 21 
(Ky + Ta) [sg Fu ag Ta) ] + (Kin + Fg) [sss pel" + (Rs kel 
+ (Kn — Ty)? | = (Kg RE Tq) (Kin + ul + (ks. — Ta) Tal im k f (Kg ! ay 
+ (s = fl — (Hg + To) (He, — 72) $, 
e, +74) [ea + 74)? + (Fen + eg)? + Qm + Ta) fn [m + Hg)? + (ee + 79)” 
+ (Kn — Gw — (Kn — Tq) (Ky, + m) — (Kg + DIIS GH H (Ky 4 ec 





Then 





3003 +3 — X) 

















Kg(0) = 2? 
(Gs, + Tg)? — (Kn + Kg)? + (Kn — ny!) 
and 
1 
Nz(0) = EX» (ue) (o) + do(a)g(o) + \s(o)n(0)), 
So 
= pi(o)T(o) + p»(o)g z ) + ps(o)n(o) 
ES VJ (Kg + Tq)? — (Kn + Kg)? + (Kin — Tg)? / M + A2 — 
where 


log) = A2(Kn — Ty) — A3(tig + Tg), 

glo) = A — Ty) — Aalen + Kg), 

p30) = Ag(Kn + Kg) — Ai (Kg + Tg). 
Then from Eqn. (22), we get 


Z"(à) -— Ei j Ka F Kig(Kg + Tg) + n (K« — 79) T (v) + DN + To + Kg(Kn + Kg) 





ys — Ty) 8(0) + lei — T4 mU + Hg) — rs (s + To)]n(o)], 
and 
£"(9) = = teil + &(e)a(o) + Es(o)n(o)|, 
where 
&(o) = si Li + (Ka + Re) (R5, HKZ) + (Kg + Tg) (Ky — ng) + (Kn — Tg) (Kh + Rog) 
+2kn (€, — Ty) + 2hg(K, FTE), 
x(a) = KY + Th + (Kg + T9) (R2 — 72) + (Kn — Tg) (Th + Kntig) + (Kn + Rs) (I, + Kn TQ) 
+2Kg(K, + KG) + 275 (I, +75), 
Go) emu. — T} + (Kn — Fe) Be — T3) + (Kn + By (RG KgTg) + (Kg dor.) (gig — T4) 


T2RA (US, + Ky) — Taleg ET). 
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Then 


& [s = Tg) (Kn 25 Ky) — (Kn + Kg) (Ky - SH + (Kin + Kig)(Kn — Ty) (E37 — Erg) 
(e, + 75) [és (n + Kg) = Ex(Kn — Zell + (Kg + 75) [Er (8, — 75) — es Qs + sall 
(Ky Tq) DICA Tg) + Kn GI T Kg) — &3 (Kn — T,)) | + (Fn + Kg)" (ÉsRg 

( 


— Copal + (Ka — T9) (Eakin = kd = (Ky us Tg) (£17; + £3Kq) 

















In, bel = 15) — (K; 23 74) (Kin — Tg) + (Kin + Kg) [Kn (Kin + gel — Kig(Kin — 7;)] 
en + Ko)? + (Kn = ll — [Ue — (8482 
PE (Kn = T) (Kn + Kg) + (Kn + Kg) [o — Tg) + Tg(Kn + Kg)| 


+ pls, — 7)? — (Hin Y] | + [Gn + Ry) Hy +74) — (+ HG) (Ry +79) 








+ (Kin — Tg) [ro (5n + Kg) — Kn (tig + 7,)] T Hg [n + Kg)” — (Kg + n] 
Example 3.1. Let the timelike surface (see Figure 1) in the Minkowski 3-space 9% is defined 
as 

V:yc9? 295, 

(c,t) > W(o,t) 2 x(c) + telo), (26) 
V(a,t) = (o, tsin g, t coso), 


where t € (—1,1). Then we get the moving Darboux frame {T,g,n} along the curve x as 


follows: 
Ea) = (1,0,0), 
g(c) = (0, — sinc, — coso), (27) 
1 
n(o) = Fal — t, — cosg, sinc). 


where g(a) and n(c) are a unit spacelike vectors. Moreover, the geodesic curvature &j(c), the 


asymptotic curvature &, (c), and the principal curvature zo) of the curve x have the form 


1 (28) 








Figure 1: The timelike surface V(o, t). 


Then, the T'g-timelike Smarandache curves Z of the curve y is given by (see Figure 2) 


Z((0)) = 4 H -— cosa) (29) 


The Tn-timelike Smarandache curves Z of the curve x is given by (see Figure 3) 


1 t COS C sinc 
2(0(0)) elt mU) (30) 


The gn-timelike Smarandache curves Z of the curve x is given by (see Figure 4) 

















1 t COS o . sinc 
Stéi el - eben, - FES - sine, AS - oso). (31) 


The Tgn-timelike Smarandache curves Z of the curve y is given by (see Figure 5) 











1 t cos o f sinc 
Z(0(c)) = Zelt eben Be aen e -coso ) (32) 
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Figure 2: The T'g-timelike Smarandache curves Z on 57. 





Figure 3: The T'n-timelike Smarandache curves Z on 57. 
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Figure 4: The gn-timelike Smarandache curves Z on 52. 





Figure 5: The T'gn-timelike Smarandache curves Z on $1. 
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